We consider the flow of a slightly viscous homogeneous fluid over a small two-dimensional obstacle perpendicular to the vertical side walls in a channel rotating about a vertical axis. The flow in the channel is obtained from the solution of the quasi-geostrophic potential vorticity equation in the limit E = D/L -+ 0, where D is the obstacle width and L the channel width. The lowest order, interior flow is shown to be a combination of three effects: a rotational flow caused by vortex stretching and Ekman boundary-layer pumping; a significant irrotational flow induced by the magnitude of the former flow a t the vertical boundaries; and the interior Ekman drift due to the basic current. The maximum streamline displacement is calculated and compares very well with recent experiments in the identical parameter range by Boyer (1971a, b) . This theory explains how the side walls are responsible for the dependence of the maximum streamline displacement on Rossby number.
Introduction
One of the major motivations behind the fluid dynamiscist's interest in rotating flows is due to the important role of rotation and the accompanying Coriolis force in determining many of the fluid motions in the atmosphere and the ocean. Theoretical considerations, laboratory experiments and large scale, geophysical measurements have all contributed to our present understanding of rotating fluids, although the developments in these somewhat separate areas have not always been co-ordinated. Recently, Boyer (1971 a, b) presented the results of two different experiments involving the flow of a homogeneous fluid over a variable bottom, which were designed specifically to confirm the applicability of his accompanying analysis. Investigations such as those of Boyer are interesting and may be useful in modelling many geophysically significant situations. Boyer & Guala (1972) have extended Boyer's original study to consider the Antarctic Circumpolar Current near the Macquarie ridge, and in many other areas of the ocean, investigations of the interactions between currents and bottom topography are needed. We are primarily concerned here, however, with Boyer's original experiments.
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A viscous homogeneous fluid flows over an obstacle of constant cross-section whose breadth, say D , is very much less than its length, say L. The system rotates a t a constant angular velocity, say Q, about a vertical axis such that the Ekman number is E = ~/(2!2D2) < I, (1.1 a, b) the Rossby number is R = U/(2!2D) N E* (1.2a, b ) and the maximum height of the obstacle is h, N DEt,
where U is the magnitude of the current far upstream in the interior of the flow, outside any boundary layers. Figure I is a sketch of the system. Boyer's experiments and resulting theory were actually undertaken for the flow between two obstacles, attached symmetrically to two infinite, horizontal planes separated by a distance 2H, very much greater than 2h,. This configuration makes the centre-plane enjoy a convenient symmetry, which is exploited in the analysis and removes the influence of the Ekman layers on the horizontal rigid lid that might have been used instead. Alternatively, the system can be viewed as the free-surface (stress-free) flow of fluid of depth H over one obstacle. In the following it is only this lower portion of the total flow which is investigated, the flow in the upper portion being obtainable by reflexion.
Boyer's original analysis (1971 a ) is directed towards considering obstacles with continuous cross-sectional profiles, triangles for example, while his later work (197 I b) is undertaken to describe the flow over a rectangle. I n both cases the analysis allows for the interior flow far upstream to be a t an angle, say a, to the obstacle, although quantitative experimental results are presented only for a = 0. Therefore we consider only this case, for which figure 1 indicates the coordinate system to be used. Under conditions (1.1)-( 1.3) the flow is quasi-geostrophic and is determined by a balance between the nonlinear inertial effects, Ekman boundary-layer 419 pumping and topographic stretching of vertical columns [see equation (2. l)]. As the fluid flows over the obstacle, the interior relative vorticity, i.e. the interior vorticity relative to co-ordinates fixed in the rotating frame, is altered by the change in length of vortex filaments as they go over the obstacle, while the magnitude of the vorticity is decreased by Ekman-layer pumping. If the flow is twodimensional, inviscid and h, -R, the streamlinesin the interior of the flow, which are independent of height, are straight until they are over the obstacle. They then turn in a readily calculable manner t o leave the region over the obstacle in a straight line making an angle tan-1 (2&4,/HU)
to the right? with the original direction, where A , is the cross-sectional area of the obstacle. The addition of viscosity will clearly alter this result. In what manner?
It is to this question that Boyer addresses himself. I n particular, he seeks to determine the orientation between the same streamline far upstream and far downstream.
To do this Boyer uses an E* power-series expansion, retains only the first nonzero terms and assumes that the flow does not vary in the y direction, His calculation shows that the streamlines are straight and parallel far upstream of the obstacle and also sufficiently far downstream. In passing over the obstacle the columns of fluid are displaced to the right by an amount 2-9 h, E d for a triangle, 2*h, E-4 for a rectangle.
Boyer notes the rather surprising absence of the Rossby number in these results but does not explain its absence other than to say that the streamline displacement would appear to be independent of the inertial effects. Comparing these results with measurements made in the centre of the channel, Boyer finds a fairly strong dependence of streamline displacement on Rossby number, even though conditions (1.1)-( 1.3) are satisfied. The experimental results indicate that the displacement decreases monotonically with increasing Rossby number as shown in figures 2-5. Even for the comparatively small Rossby number of 0.1 the measured displacement is over + less than his two-dimensional theory predicts. The purpose of this paper is to explain the observed disagreement. Boyer suggests that the discrepancy might be obviated by continuing his expansion, thereby including terms of higher order in the Rossby number. It is essential to investigate whether this idea is correct; the implication would be that calculations for even quite small Rossby numbers would have to be taken to second order if reasonable accuracy is required. The suggestion, however, does not appear to be correct, since as is proved in 5 3, the effect of the next-order term on the far-downstream streamline displacement is zero. Thus, given the assumptions made by Boyer, the results (1.4) and (1.5) have errors a t most of order R2
which is far too small to explain the discrepancy.
t Here, and elsewhere, 'left' and 'right' are with reference to an observer looking in the downstream direction.
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H . E. Huppert and ill. Part of the explanation of the discrepancy between Boyer's experiment and theory can be obtained by a careful interpretation of (1.7). We show in $ 2 that the solution of the zeroth-order vorticity equation which takes into account the existence of the two end walls predicts that an interior streamline gently drifts to the left upstream of the obstacle. It then veers sharply to the right above, and for some distance downstream of, the obstacle, coming to a position of maximum displacement with respect to its position a t the upstream edge of the obstacle. There is then a gentle drift to the left again, the final downstream position being in line with the upstream one, in accordance with (1.7). Asserting that it is the maximum displacement which Boyer measured,? we calculate a streamline displacement which does vary with Rossby number in the same manner as is experimentally observed and presented in figures 2-5.
Although qualitatively correct -the predicted streamline displacement decreases with increasing Rossby number -the agreement between the theory of $ 2 and Boyer's experimental results is quantitatively only fair. The reason for this is shown in $ 3 to be because the theory of $ 2 tacitly assumes that
(1.8) I n Boyer's experiment e N E* and it is shown in $ 3 how to calculate the maximum streamline displacement taking this into account. The additional feature thereby incorporated which affects the results is the O(E4) Ekman drift in the interior of the channel. The maximum streamline displacement so calculated, and presented in figures 2-5, now agrees well with the experimental measurements.
The simplest theory incorporating end walls
The lowest order vorticity equation relevant to the system described in $1 and sketched in figure 1 with the obstacle represented by h(x) is (Ingersoll 1969,  § 2) where q is the interior, depth-independent, horizontal velocity vector, 
(2.3)
The vertical velocity w is absent from the q . V operator in (2.1) because w is O(E*), in contrast to u and v, which are O( l), and hence does not appear in the lowest order equation. The first term in (2.1) represents the rate of change of relative vorticity following the motion. This change is caused by topographic stretching, represented by the second term, and Ekman-layer pumping, represented by the third term. The coefficient ( Q v )~ H-1 of the third term is the inverse of the spin-up time (Greenspan 1968; Greenspan & Howard 1963) .
Since the flow is geostrophic to leading order
where P is the dynamic pressure (total pressure minus the hydrostatic pressure due to gravitational and centrifugal accelerations) divided by the (constant) density p . From (2.4) and (2.5) we see that P is proportional to the stream function for the (horizontal) motion and is related to the vorticity by
(2.6)
We now find it convenient to introduce the function S(x, y) that represents the displacement in the cross-channel direction of the streamline which originated a t ( -a, y). It follows from this definition that Xis related t o the velocity components by
Comparing (2.7) and ( 2 . 5 ) , we determine that
(2.7)
and hence that (2.9)
where we have used the fact that P-t -2QUy as x +-a in deriving (2.8).
Substituting (2.9) into (2.1), we obtain
Since both the velocity components and S are unknown and to be determined, (2.10) is quite strongly nonlinear. The simplest, linearized version of (2. lo), obtained by setting u = U and q . V = US,, is (2.11)
I n the remainder of this section, we determine the appropriate solution of (2.1 1) and present in the appendix an a posteriori consistency calculation to indicate that (2.11) is a valid approximation of (2.10) with anerror that is uniformly O(s).
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Rather than deal with (2.11) directly, we introduce non-dimensional co- is, by hypothesis, of order 1 with respect to E. To (2.16) must be added the boundary conditions that a streamline originating on a wall remains on that wall, that is (2.18a,b)
and that, from the definition of X(x, y), 4 5 , -t 1) = 0,
< , 7 ) + 0 ([+ -00). (2.19)
In writing down (2.18) we have neglected the effects of vertical boundary layers of thickness E* on the end walls, which is justified for this lowest order analysis. 
-m from which we see that
which is the non-dimensional version of (1.6) and is independent of N , or the Rossby number. This two-dimensional solution represents a flow which is constant in both magnitude and direction upstream of the obstacle, arriving a t the upstream edge a t right angles to it, with speed U and zero relative vorticity. As the flow mounts the obstacle (assuming h(x) to be non-negative), the vortex filaments are compressed, inducing negative vorticity which is decreased by Ekman-layer pumping, and the flow turns to the right. When the flow has passed the crest of Homogeneous rotating flow over two-dimensional obstacles 423 the obstacle, positive vorticity is induced by topographic stretching of the vortex filaments and negative vorticity is induced by Ekman-layer pumping. Because of viscous effects, the flow arrives a t the downstream edge of the obstacle with negative vorticity, which for the remainder of the downstream flow is brought to zero solely by Ekman-layer pumping. In this region of the flow the rate of change of vorticity is proportional to the vorticity itself and therefore the rate of change of the cross-stream velocity is proportional to the cross-stream velocity itself. Thus, the only possible final state is one of zero cross-stream velocity, that is, with the streamlines parallel to their original direction. This final state must be independent of U , which enters only in determining how rapidly the flow passes the obstacle and not in the essentials of the dynamics. Therefore, the net streamline displacement must be independent of Rossby number, the only external quantity containing U .
If the flow is effectively inviscid, Ekman-layer pumping is absent and since equal amounts of vortex compression and stretching occur as the fluid flows over the obstacle, it arrives at the downstream edge with zero relative vorticity and continues downstream in this state. However, as the fluid flows over the obstacle, the change in vorticity means that there is a continual increase in negative y-velocity. The value a t the downstream edge of this velocity is hence also retained and the flow continues at the angle
to the right from its original direction. 
(2.27) Thus, the decomposition (2.20) states that the total flow can be considered as the sum of a two-dimensional rotational flow induced by the presence of the obstacle and Ekman-layer pumping plus a three-dimensional rotational flow induced entirely by the value of the previous part at the boundary That is, the net displacement is zero, in sharp contrast to the two-dimensional solution. The two-dimensional solution is hence not a good approximation, a t least sufficiently far downstream of the obstacle.
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We now proceed t o determine the finite value of cr (6,q I n principle we now have the complete solution, since (2.23) can be integrated t o determine go([) and the result substituted into the right-hand side of (2.39). I n practice, however, the solution cr(6,q) cannot be representedin terms of simple, well-known functions. We thus concentrate on calculating a value for cr that can be compared with Boyer's experiment and describe the flow in broad terms rather than with intricate formulae.
Considering that the net streamline displacement is zero, wc feel that, the maximum deviation of a streamline in the central part of the channel is a reasonable figure to compare with Boyer's experiments. The arguments behind such a statement are strengthened by the fact that Boyer's experimental results were less than his theoretical ones and he is hence likely to have carefully guarded against underestimating the measured displacement. We thus wish to evaluate the difference between cr a t twopoints, saycA(q) and &(q), a t which a,cr([, q) = 0. incorporates the E* inertial layers above the discontinuity at f = & 1. While these layers are necessary for a thoroughly detailed investigation of the flow, they can do no more than smooth the transition above the edges of the step to yield the flow field we have calculated; indeed the purpose of the inertial layers is to provide just such a smooth transition.
While the theory presented here results in a decrease of the streamline displacement with Rossby number as indicated by Boyer's experiments, the quantitative agreement with his results can only be described as fair. This is because using (2. i), which has error O(E:), to describe a flow in the limit e -+ 0 can only be valid and show that this gives improved agreement between theory and experiment. The simple theory presented in this section describes the major physical effect of the end walls. If the obstacle is very long compared with its breadth the flow in the centre of the channel is almost two-dimensional with a negative cross-channel velocity above and for some distance downstream of the obstacle; see (2.41) and (2.42). This velocity, however, cannot be continued up to the end walls, a t which the velocity must be zero. This is accomplished by an irrotational, three-dimensional flow which has a small, but significant effect in the centre of the channel, both up-and downstream of the obstacle. A central streamline drifts slowly to the left owing to the irrotational part of the flow upstream of the obstacle, arriving a t the upstream edge having been displaced to the left by half the amount that the two-dimensional flow by itself would be displaced to the 3. The solution for Et N E < 1
A n outline of the calculation and the results
Solving the lowest order vorticity equation (2.11) in the limit E + 0 yields the simplest description incorporating the effects of the end walls that can be compared with the results of Boyer's experiments. Such a procedure, however, assumes that E* < E , and it is the inaccuracy of this statement which is the major cause of the quantitative disagreement between the results of the previous section and Boyer's experiment. We remedy this by obtaining the lowest order solution in the limit
The concepts behind the calculation are as follows. An ordered expansion in terms of Et of the full Navier-Stokes equation can be written as
+E*a&(g)+..., (3.1)
where each function r~ is O( 1) with respect to E4, but not necessarily E . Further, abo)and (i.io)are the a . and a1 of the previous section and @(<) represents the drift, to the right across the channel, which exists to balance the transport to the left in the Ekman layers on the horizontal bounding surface and is given b y t Following the procedure of the previous section, we determine tB( 0 ) by differentiating (3.1) with respect to E and equating the result to zero, to obtain
In the previous section, only the zeroth-order terms were considered, so that (3.3) was written as and both terms in (3.4) were O(s). Thus, we anticipate the terms in (3.3) to be of order E , E~E , ..., E , E t s , ..., Et, ... . 7 The form of this Ekman drift means that the definition of S(x, y), or a([, r), as the cross-channel streamline displacement from its original upstream position will have to be discarded. Since, however, it is really only differences in S or u that concern us here, we neglect any constant that might be added t o the right-hand side of (3.2).
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Hence, to lowest order with Et -E , t B ( 0 ) is determined from
13.5)
Similarly we calculate t A ( 0 ) , which to lowest order will be given by
These two values of 6 are then substituted into (3.1), and the results subtracted to determine Aa(O), defined by (2.58). Writing Aa(0) in the format of (3.1), the order of the terms will be 1, E*, ..., e, eE3, ..., EB, ... 
, (3.6) where we have used the fact that If (3.10) is not satisfied, the Ekman drift is sufficiently strong to cause the interior flow always to have a velocity component to the right, and hence there will be no point of maximum displacement. The result (3.8) reflects the fact that the first-order two-dimensional streamline displacement is zero and does not make a contribution to the maximum streamline displacement (3.9). The evaluation of (3.8) with (3.7) using constants appropriate to Boyer's experiment leads to the curves plotted in figures 2-5. We see that there is agreement with Boyer's experimental results to within 10 %.
The streamline pattern is rather more complicated than that described in 5 2. A consequence of the Ekman drift is that all interior streamlines emerge from the left-hand side-wall boundary layer and proceed across the channel to enter the right-hand side-wall boundary layer. The streamlines then return to the left-hand boundary layer via the Ekman layers on the horizontal surfaces.
Homogeneous rotating $ow over two-dimensional obstacles
1
Far upstream of the obstacle only the Ekman drift is significant and the streamlines move uniformly to the right. As the flow approaches the obstacle, the zerothorder irrotational flow (2.39) increases in magnitude and there is a slow drift to the left given by CT = (aE4 -&A) [.
(3.11)
Over the obstacle the flow is dominated by the zeroth-order rotational flow, described in $ 2 , which causes it to move to the right. Further downstream, there is still the gentle drift to the right described in 3 2, though the magnitude is now slightly increased by the Ekman drift. For some distance downstream of the maximum point &, the streamlines verge to the left since the zeroth-order irrotational component exceeds the Ekman-drift component. The former, however, decreases with downstream distance and eventually the Ekman drift causes the flow to veer once more to the right.
The Jirst-order two-dimensional solution The two-dimensional Navier-Stokes equations are (3.15 a, b)
We determine the solution of (3.12)-(3.15) in the limit R N E* + 0 by matching the expansion of the interior solution to the expansion of the boundary-layer solution. The lowest order matching yields the lowest order vorticity equation [the two-dimensional version of (2.1)] and the next-order matching yields the next-order vorticity equation, from which C T~~) can be calculated. The interior solution. Expanding all variables in a power series of O(E*), equating like powers in E* and using the boundary conditions (3.14) and (3.15), we obtain the zeroth-order interior solutions 16a, b,c) (3.16d) matching (3.16)-(3.18) to the boundary-layer solutions.
The boundary-layer solution. To determine the solution in the boundary layer a t the bottom of the channel, boundary-layer variables are introduced into (3.12) and (3.13), where t is an appropriately stretched variable which takes the value zero a t the bottom of the channel. Equations (3.12) and (3.13) then become, correct to within 
MO(Q
is a normalized representation of the obstacle and is by hypothesis O( 1), and the x component of the momentum equations has been omitted since it is not needed. Expanding the unknown function as a power series in E* we obtain as the lowest order part of (3.21)
which with (2.22a, b ) has the well-known solution 
where a = a( 9 + do') vF).
The matching. The matching of the interior vertical velocity given by ( 3 . 1 7~) and ( 3 . 1 8~) to the boundary-layer vertical velocity given by (3.29) and (3.32) yields the equations from which the remaining unknown quantities can be determined. The lowest order matching of (3.17) and (3.29) leads to The first-order matching, of ( 3 . 1 8~) and (3.32), leads to The first-order, net, two-dimensional streamline displacement is thus identically zero.
Conclusions
We conclude that side walls play a most significant role in determining the flow over a long obstacle in a rotating system. Eliminating the effect of the interior Ekman drift, as can be achieved, for example, by towing the obstacle with speed U through an otherwise quiescent fluid, we find that the net lateral displacement of a column of fluid after passage over an obstacle of constant cross-section is zero. This result is in sharp contrast with that obtained by neglecting the side walls, in which case the lateral displacement monotonically increases with downstream distance to a final value independent of the Rossby number and given by (1.6).
As shown in 3 2 , the presence of vertical boundaries introduces an irrotational flow forced a t the side walls which is of just the correct magnitude to cancel the contribution independent of the side walls far downstream.
The additional effect of the upstream Ekman drift, as discussed in $3, can be isolated by considering the flow in a bounded channel, in the absence of an obstacle. The Ekman transport to the left, which exists in the horizontal boundary layers, is then balanced solely by a continuous slow interior drift of the geostrophic flow to the right.
These two different effects of the side walls can be seen in figures 2-5, which depict the maximum lateral displacement as a function of the Rossby number. The broken curves, determined from (2.59), are valid for flow over a fixed obstacle with Ef < e < 1, or for the flow induced by a towed obstacle. The displacement so obtained decreases more strongly with increasing Rossby number than Boyer's experimental results. The addition of the interior Ekman drift leads to the solid lines given by (3.7) and (3.9). Agreement with Boyer's experimental results is now to within 10 %, as good as might be expected considering the difficulty of the experiment and the fact that we have determined the displacement to lowest order.
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In terms of r([,y), (A3) becomes e p p I ( m l < 1.
(A 12)
We evaluate the left-hand side of (A 12) by differentiating (2.38) to obtain sin (&my) sinh (&en<) cosh en6 + cosh ny = &A = O(s).
(A 16)
Thus thesolutions of (2.11) equal thoseof (2.10) to within anerrorfactor that is uniformly of order e. 
